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SUMMARY

This paper presents a new numerical method for solving the population balance equation using the
modified method of characteristics. Aggregation and break-up are neglected but the density function
variations in the three-dimensional space and its dependence on the external fields are accounted for.
The method is an interpretation of the Lagrangian approach. Based on a pre-specified grid, it follows the
particles backward in time as opposed to forward in the case of traditional method of characteristics.
Unlike the direct marching method, the inverse marching method uses a fixed grid thus, making it
compatible with other numerical schemes (e.g. finite-volume, finite elements) that may be used to solve
other coupled equations such as the mass, momentum, and energy conservation equations. The numerical
solutions are compared with the exact analytical solutions for simple one-dimensional flow cases. Very
good agreement between the numerical and the theoretical solutions has been obtained confirming the
validity of the numerical procedure and the associated computer program. Copyright © 2003 John Wiley
& Sons, Ltd.

KEY WORDS: population balance theory; method of characteristics; dispersed phases; particulate flows;
two-phase flow

1. INTRODUCTION

Physical modelling of multidimensional particulate flows has been the subject of intense re-
search over the last half century. The two-fluid model is often considered as the most sophisti-
cated multidimensional models available in the literature [1, 2]. In three-dimensional gas/liquid
flows, the two-fluid model is comprised of 10 scalar partial differential equations, five scalar
algebraic interfacial jump conditions and eleven state variables. However, as reviewed by
Lahey and Drew [2] while the rigorous derivation of the two-fluid models has made significant
progresses, ‘no model exists to date which is completely acceptable’. Moreover, mechanistic
interfacial and wall closure laws are still needed to accurately model three-dimensional two-
phase flow [2]. More recently, Carrica et al. [3] have presented a three-dimensional com-
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1212 L. PILON AND R. VISKANTA

putational model for two-phase flow around a naval surface ship. The formulation is based
on a multidimensional two-fluid model [2] consisting of the continuity and the momentum
equations for both the gas and the liquid phases combined with the conservation equation for
the total number of bubbles. The numerical algorithm is based on a finite-difference method
and can calculate the gas volume fraction and bubble radius and accounts for the coupling
between the gas and the liquid equations. However, it is limited to monodispersed bubble
population, i.e. all the bubbles at each location have the same radius. This was recognized as
an obvious limitation [2]. Such limitation could be overcome by solving the bubble population
balance equation for a polydisperse bubble density function.

Indeed, population balance offers a framework to solve various dispersed phase systems
with applications ranging from crystallization and fluidized bed reactors to microbial cultures
and aerosol reactors. As discussed in detail by Ramkrishna [4, 5], the particle population can
be described by a state vector defined in a so-called state space. The state space consists not
only of the physical space but also of an abstract ‘property’ space. In the physical space,
the state vector co-ordinates consist of the spatial co-ordinates [e.g. (x, y,z) in Cartesian co-
ordinates]. In the property space, the system is characterized by its property co-ordinates.
For example, each particle is characterized by its radius » and other properties denoted p;
such as gas molar fractions inside the bubbles in the case of gas/liquid flows. The spatial and
property co-ordinates are also referred to as the external and internal co-ordinates, respectively.
Considering the particles transported by the liquid flow and characterized by their radius r
and / other properties p; the state vector S can be expressed as S=[x, y,z,¢,7,(p:)1<i<i]- Let
f1 be the average number density function of particles/bubbles. The average number density
function f1[X,%7,(pi)i<i</] is assumed to be sufficiently smooth to allow differentiation with
respect to any of its variables as many times as necessary [5]. Then, the population balance
equation can be expressed as [5]

o )i o
b )t @+ )+ S+ =k (1)
where u;,v, and w, are the components of the particle velocity vector v,. The time rate of
change of the radius and of the other properties of the particles are denoted by » and p,,
respectively. Finally, 2= h(x,¢t,r, p;, Y;) represents the net rate of production of particles of a
particular state (X,7,(p;)1<i<s) at time t.

Three levels of complexity arise in solving the population balance equation: (1) the source
and sink terms resulting from breakage and agglomeration and expressed as integral functions
in the population balance equation, (2) the variation of the density function in the multidi-
mensional space, and (3) the dependency of the density function on external variables Y;.
Reference is deliberately made to papers dealing only with density function depending on the
three dimensions and on external variables. The numerous publications in which spatial varia-
tion of the density functions was neglected by assuming perfectly mixed tank (e.g. References
[6-9]) are not discussed. However, the method can be extended to situations where the sink
and the source are present. In these cases, comparison with numerical solution is required but
falls beyond the scope of the present study.

Both analytical and numerical methods for solving the population balance equation have
been recently reviewed by Ramkrishna [5]. For the most practical problems, numerical meth-
ods are required if one wants to avoid simplistic assumptions. Discretization of the density
function combined with finite difference method has been one of the most popular numerical
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methods [5,10-13]. It consists of discretizing the particle density function in the internal
space, thus forming groups of particles and solving the resulting equations for the total num-
ber of particles in each group by a finite-difference method. Such a method has the advantage
of reducing computational times, a valuable feature in control and optimization of particulate
systems [5]. However, the discrete formulation has major drawbacks that have been discussed
extensively by Kumar and Ramkrishna [7,9]. In brief, the discrete formulation lacks of in-
ternal consistency, i.e. some of the moments of the particle density function f; cannot be
predicted accurately. For example, in gas/liquid flows in which bubbles are characterized by
their radius » at time #, the mth sectional and total moments of the bubble density function
f1 in terms of bubble radius, denoted by uf,’;)(x,t) and p,(x,1), respectively, are defined as

Fig1 N N—-1
ug)(x,t): / " fi(x,r,t)dr and  p,(X,t)= / M Ax,rt)dr=>" MS,’;)(t) (2)
¥y ro i=0

where 7y and ry are the minimum and maximum bubble radius. The total number of particles,
the average particle radius, the interfacial area concentration, the local volume fraction of the
dispersed phase are essential physically important moments of the particle density function
and correspond to zero, first, second and third order moments in terms of the particle radius,
respectively. For bubbles containing a single gas or a diffusing and a non-diffusing gas, the
bubble radius r is treated as the independent internal variable and N, 4;, f, and 7 are defined,
respectively, as

zeroth moment N(x, y,z) = / f1(x, y,z,r)dr 3)
0
First moment  7(x, y,z) = [/ rfi(x, y,z,r)dr} /N(xayaz) 4)
0
Second moment  A4;(x, y,z) = / 4nr2f1 (x, y,z,r)dr (5)
0
) < 4y
Third moment  f,(x, y,2) :/ 3 fi(x, y,z,r)dr (6)
0

Another important moment in gas/liquid flows is the total mass of gas contained in the
bubbles defined as the third order moment in terms of variable 4773p,/3. In the discretization
technique, the calculation is designed for certain selected moments of the particle density
function rather than for an estimate of the particle density function accurate enough for esti-
mating a/l moments of the population [5]. In addition to the total number of particles/bubbles
for each discrete group, the discretized formulation for the second and third order moments
should also be solved if one wants to accurately predict (1) the interfacial mass and mo-
mentum transfer between the phases [1,2], (2) the flow regime often determined from the
void fraction and (3) the corresponding closure laws [1]. For example, Rousseaux et al. [12]
solved the coupled conservation equations for the total zeroth to fourth moments of the den-
sity function of pseudo-boehmite particles accounting for growth and precipitation in sliding
surface mixing devices. However, this approach does not provide detailed information about
the density function unless one assumes an arbitrary prespecified form with four unknown
parameters such as the modified Gamma distribution.
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The method of characteristics offers an alternative and more accurate method to discretiza-
tion method combined with finite-difference methods. Instead of creating groups of particles/
bubbles, it solves directly for f and consists of transforming the partial differential population
balance equation into a system of ordinary differential equation which is then solved along the
pathline of the particles (characteristic curves). The conventional implementation (or direct
marching method) of the method of characteristics is based on the Lagrangian formulation:
the particles or the particle density function are identified and located at initial time ¢=1¢,
and followed at subsequent time as the particles are transported. In three-dimensional flows,
however, the deformation that the initial mesh undergoes as time progresses might lead to
deterioration of the numerical solution [14].

The modified method of characteristics (or inverse marching method) is an intepretation
of the Lagrangian approach that overcomes the difficulties related to mesh deformation [14].
Based on a pre-specified grid, it follows the particles backward in time as opposed to for-
ward, in the case of direct marching method. Unlike the direct marching method, the inverse
marching method uses a fixed grid that can be used for solving other transport equations
such as the continuity, momentum and energy equations by finite-difference methods using
a staggered grid, as suggested by Patankar [15]. The advantages of the modified method of
characteristics are the following:

e unlike finite-difference methods in which the information propagates along co-ordinate
lines, the method of characteristics propagates the information along the pathlines and
thus matches the physics of the flow resulting in extremely accurate numerical results
[16].

e it overcomes the numerical diffusion introduced by finite-difference methods [15].

e it does not require any outflow boundary conditions [17].

e Since the method uses a pre-specified computational grid, it can easily account for the
coupling between the density function f| and the external fields such as the temperature,
velocity and concentrations which can be obtained by other numerical methods based on
an Eulerian field description (e.g. finite volume method [15]).

e The modified method of characteristics can be used for both transient and steady-state
calculations with great accuracy and without problems of numerical instability.

However, it possesses significant, although not overwhelming, disadvantages [16]: (1) it is a
relatively complicated procedure, especially for more than three or four independent variables,
(2) the method is restricted to flows and variables without discontinuities and (3) due to the
large amount of required interpolations and integration of the governing ordinary differential
equations, the computer programs may require long execution times.

The modified method of characteristics has been successfully used for predicting high speed
three-dimensional single phase inviscid flows in subsonic and supersonic propulsion noz-
zles [16—19] and combined with finite elements method for solving unsteady incompressible
Navier—Stokes equations [14]. On the other hand, the conventional method of characteris-
tics for solving the population balance equation has been mainly used (1) for mathemati-
cal arguments to show the existence of solutions [5], (2) for obtaining analytical solutions
[5,20-22] and (3) for obtaining numerical solution for two independent variables problems
[9]. However, to the best of our knowledge, no attempt has been made to solve the population
balance equation by the modified method of characteristics. As computers become more pow-
erful and cheaper, the present approach favours accuracy and numerical stability over short
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computational time and algorithm simplicity. This paper presents a numerical implementation
of the modified method of characteristics for solving the population balance equation in mul-
tiphase particulate systems that could be coupled to other numerical schemes for solving the
two-fluid model equations, or any other transport equations.

2. MODIFIED METHOD OF CHARACTERISTICS

The present study is concerned with solving the population balance equation for solid parti-
cle, gas bubbles, or solid droplets transported in three-dimensional flow using the modified
method of characteristics. A Cartesian co-ordinate system was employed in the analysis. The
formulation of the population balance equation is based on the following general assumptions
that hold for many different multiphase particulate systems:

1.
2.

et

ARG

The particles are perfectly spherical in shape.

The effects of particles on the velocity and temperature fields as well as on the thermo-
physical properties of the liquid phase are not considered.

Particle radius and local concentration are small.

The particles have negligible inertia (p, < poo). This hypothesis is reasonable since very
small particles are considered.

The liquid phase is incompressible.

Local thermal equilibrium exists between the gas and liquid phases, i.e. Too =T, =T.

. Aggregation and break up of particles are not considered, i.e. the net production rate of

particles vanishes (2 =0).

The components of the particle velocity vector, are taken to be the same as those of
the liquid phase Voo = (oo, Voo, Weo ), €Xcept in the vertical direction where the buoyancy
force has to be taken into account, i.e.

Vb(r) = Uool + Uooj + (Woo + Wr)k (7)

with w, being the upward particle velocity relative to the liquid phase due to the buoyancy

force and is assumed to follow Stokes’ law, i.e.

_ % Pocgl 2
9 fe

r ()
Note that Equation (8) corresponds to the terminal (i.e. steady state) velocity of spherical
particles in Stokes’ flow, i.e. the transient motion and inertia of particles have not been
considered for the sake of simplicity and since the formulation of transient forces is still
incomplete [23].

Based on the above assumptions, the population balance equation simplifies to

U L ufir+ y(vmflwai[(www»m

(rf1)+2 (Pfl) 0 )
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The method of characteristics consists of solving the population balance equation along
the pathline of the particles and transforms the governing partial differential equation into a
system of ordinary differential equations.

If we assume that the liquid phase can be treated as incompressible, the mass conservation
equation for the liquid phase can be expressed as [24]

Qs Ol OWoo
V Voo = i + 3y + p= =0 (10)

Expanding the partial derivatives on the left-hand side of Equation (1) and using Equation
(10) yields

af af af afi afl 5f1 aw,
6t+°°6+°°a+°°5+ +Z =-N

op;
@r+,zl (11)

1

By definition, the total time derivative of fi = fi[x, y,z,t,7,(pi)i1<i<i] With respect to time ¢
can be written as

afi _dfi  dx dfi dy oS g%+g5ﬁ Zl:dpi ofi (12)
dt ot dt ox t 0y dt 0z dt Or I dt Op;
We further define the characteristic curves in the particle state space as
% = Uso(X, ¥,2) (13)
Y e 2) (14)
dz
Fri Woo(X, 1,2) + Wi (X, ¥,2,7) (15)
dr .
PPl Flx, vz, (pidi<i<t, (Y <j<i5 1] (16)
dp; . .
P pilx, yv.z,r,(pii<i<i (Y)i<j<int] fori=1,...,1 (17)

where (Y;)1<;<; are the local continuous phase variables e.g. the gas concentration dissolved
in the liquid phase, the liquid temperature, or velocity. These variables are introduced to
consider the coupling between the density function f| and the external fields. Then, along the
characteristic curves in the [x, y,z,7,(pi)1<i<i,t] space, the population balance equation can
be written as

Dfi ow, oF L op,
o= N Tyt

(18)

where Df1/Dt denotes the substantial derivative of f;, i.e. the total time derivative along
the pathline of the particle. The partial derivative of w, with respect to z is obtained from
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Equation (8) and is expressed as

ow, 4poogrv
0z Yoo(Woo +W))

(19)

Similarly, expressions for 7 and p, and their derivatives with respect to » and p;, respectively,
can be obtained based on physical considerations of the specific process to be modelled.

In the method of characteristics, no boundary condition is required at the outflow [17] while
the particle density function is specified at the inlet boundary (xo, y0,20)

J1(x0, ¥o,z0,t) = fr,olr (pi)i<i<is ] (20)

At the container wall/liquid interface the gradient of the particle density function fj in the
normal direction vanishes,

Vaf1=0 at the liquid/walls interface (21)

Assumptions regarding the bubble velocity and neglect of the effects of particles on the
liquid phase flow and temperature fields are the most severe ones and their limitations will
be discussed later in this document. They have been used to decouple the conservation,
momentum and energy equations of the liquid and gas phases. This approach can be justified
by the facts that particle radius and concentration are small and that the alternative approach
solving the coupled governing equations using the multidimensional two-fluid model lacks
mechanistic closure laws accounting, for example, for the interfacial mass and momentum
transfer [2].

3. NUMERICAL METHOD

In the present model, the liquid flow is assumed not to be affected by the presence of particles;
therefore, the velocity and temperature fields in the liquid phase are treated as fixed input
parameters. The system of equations for the velocity and temperature fields are parabolic in
nature and can be discretized in space using a (/; x m; x ny) staggered grid for the scalar
and vector variables and can be solved, for example, by using the SIMPLER algorithm [15].
Indices 7, j, k correspond to the vector grid points while indices /,J, K correspond to the scalar
grid points as illustrated in Figures 1 and 2 for two-dimensional geometry. Other external
variables related to the liquid phase, such as the dissolved gas concentrations, can be computed
in a similar manner.

The governing equations [Equations (13)—(21)] for the particle density function are solved
by the modified method of characteristics [16, 18, 19]. Figure 3 shows a three-dimensional
computational cell whose corner points belong to the vector component grid. The modified
method of characteristics consists of determining the co-ordinates (x,, y,,z,) of the point in
space from where the particles located at the grid point (x,, y»,z.) at time ¢ + At originate
from at time ¢. In other words, for each point of a specified grid, the pathline is projected
rearward to the initial data surface to determine the initial data point. For example, in Figure 3
the point (x,, ys,z.) is the point (x;41, ¥j11,2k+1). The solid line represents the section of the
characteristic curve along which the particle traveled from location (x,, y,,z,) to location
(X4, Vb,zc) during the time interval between ¢ and ¢ + At.
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@ Scalar node

O Vector node

Figure 1. Schematic of a 8 x 8 staggered grid in a two-dimensional repre-
sentative longitudinal plane (/; =m; =8).

] 1
1 1
L e SpEU | S, NN | N Control volume for
j+1 .?- T ? ? & T scalar variables
1 1
J+l === == > ¢

1 Control volume for
! u-velocity

Control volume for
v-velocity

Scalar node

Vector node

i-1 I-1 i I i+l I+l

Figure 2. Definition of control volume in a two-dimensional representative longitudinal plane.

To avoid numerical instabilities, it is necessary to insure that the particles do not leave the
computational cell between the time ¢ and 7 + Az. In other words, each computational cell
traveled by the particle should contain at least two consecutive points on the characteristic
curve. Therefore, the initial time step At is determined by the equation,

. Xit1 — Xi Yi+1 — Y Zk+1 — Zk
At= min { o S| = — — ‘} (22)
2<i<h—1 2’u00(13.]3k) 2’U00(15.]5k) 2[WOO(lnjnk)+Wr(l’]7k)]
2<j<my—1

2<k<n —1
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(Xi,}’j+1 JZi+1) t+ At
(wa}nzc) =
pathline (Xis1sYje1,Zk41)
(Xi,¥jsZxr1) (Xia1:YiZie1)
t
," /' (anynszn)
l' 4
z y (Xis1,¥j+1,25)
/
.
.
.
¢ ¢
X
(Xi>Yj2x) (Xiv1,Yj:Zk)

Figure 3. Typical computational cell used for inverse marching
method containing the pathline of the bubbles.

—
Choose ry, p;p, and f;
at the inlet

!

| Initialize |

!

| Compute At |
v

Compute
Internal points

v

Impose
Boundary Conditions

Steady-State?

Figure 4. Block diagram of the numerical procedure for solving the population balance equation by the
method of characteristics using inverse marching method.

The factor 2 appearing in the denominator was arbitrarily introduced to assure that each
computational cell contains at least two consecutive points on the characteristics curve. A
larger value of the factor could have been chosen but was proven to have no significant effect
on the final numerical results, while slowing down the convergence to steady-state. However,
when particles can grow, the particle radius and upward velocity can change making the
particles leave the computational cell after one time step. Then, the time step has to be
reduced in order to assure the stability requirement.

Figure 4 shows the general block diagram of the computational procedure in performing
a steady-state calculation for a given particle size distribution f1[7,(p:)i1<i<i,t] at the inlet
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For all internal points (X, Yy,,Z¢)

| Compute (X,,Y,.Z,) |
lLoop =1
At=0At| 7——{ Find indices ik and LLK |

Interpolate u_, v_,
We, T, £1 (D) 1<ig At (XY Z4)

Compute w,

loop=loop+1 At (X,,Y,»Z,) and time t

Solve ODE:s forr, f}, () <«
at (X,,y,,,z.) and time t+At

| Compute (X,,y,,Z,) |

Ix,(loop-1)-x,, (loop)ke ?
ly, (loop-1)-y, (loop)l<e ?
[z, (Ioop-1)-z,, (loop)I<e 2

yes

Figure 5. Block diagram of the computation of the interior point for solving the population balance
equation by the method of characteristics using inverse marching method.

boundary. First, the variables across the computational domain are all initialized to an arbi-
trarily small value except at the inlet boundary where the variables », (p;)i1<i<; and f7 are
set to be equal to ry, (poi)i<i<; and f1, respectively. In other words, an arbitrary point
is selected on the initial particle density function fi o[7,(p:)1<i<i»t]- Then, the time step is
computed according to Equation (22). Finally, the ordinary differential equations for the vari-
ables r, (pi)i<i<; and f7 [Equations (13)—(18)] are solved at all interior points and outflow
boundaries, followed by the computation of the variables at the solid boundary points. The
solution of the governing ordinary differential equation at the interior points and specification
of the variables at the boundaries is repeated until a steady state has been reached. The same
sequence takes place for another arbitrary point with co-ordinates [rg, ( pg,)1<i</] on the initial
particle density function f;, imposed at the inlet boundary.

The computational domain for solving the particle density function, the particle radius
and the other particle internal co-ordinates consists of four basic types of points (or nodes):
interior, solid boundary, inlet and exit points. The basic features of the interior point unit
process are presented in the following discussion followed by a brief description of the other
three unit processes.

3.1. Interior point unit process

Figure 5 shows the detailed numerical procedure used for solving the governing ordinary differ-
ential equations [Equations (13)—(18)] at every interior point (x,, ¥»,z.) such that 2<a</,—1,
2<b<m; —1 and 2<c<n; — 1 as well as at the outlet boundary.
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1. First, the co-ordinates (x,, y,,z,) are determined by assuming that the velocity component
(ttn, vy, w,) and the particle radius r, at location (x,, y,,z,) and time ¢ are the same as
those at location (x,, yp,z.) at time ¢ + At, i.e. (uy, Uy, Wp) = (Uhoo, Voo, Weo + W;-). Thus
solving Equations (13)—(15) yields

Xp =Xq — uoo(xaa yb7Zc)At (23)
Yn=Yp— Uoo(xaa ybaZC)At (24)
Zp =Z¢c — [Woo(xaa yb’zc) + Wr(xm VbsZcs V)]Af (25)

2. Second, let us call (x;,y;,z) the closest point to (x,, y,,z,) in the vector grid such
that x; <x, <xi11, ¥ <X < Vjt1, 2k <X <Zgs1. Similarly, let us call (x;, yy,zx) the closest
point to (x,, yu,z,) in the scalar grid such that x; <x, <x;i1, V7 <X, < Vyo1, 2k <X <Zka1.
Then, the computational cells containing the point (x,, y,,z,) in both the vector grid and
the scalar grid of the staggered grid system, i.e. i,/,k and 1,J,K, are determined.

3. Third, the velocity components at (x,, y,,z,) are determined by Lagrangian interpola-
tion using their values at the eight corners of the computational cell in the vector grid
containing the point (x,, ¥,,z,),

G =1 = Bu)A = )1 = Bu)dijk + Pu(l = Bo)(1 = Pu) it ik
+ (1 = BBl = Bu)Pijrrk + Bux Po(1 = Bu)Pisr 1k
+ (1 = B = B)Buwdijirt + Bu(l = Bo) B iz, jkr
+ (1= Bi)Bo X B X Pi jt it + Bu X Bo X P X it 1,541 (26)

where the variable ¢ corresponds to the liquid velocity components ., Vs and w, and
¢n is their interpolated value at location (x,, y,,2,), while ¢; ; ; is their known values at
the vector grid point (x;, y;,z;). The weights f,, f, and f,, vary between zero and unity
and are defined as

(zn — zx)

_ (x,,—x,») [3 (yn*yj)
(Zks1 —21)

ﬁu_(xi+1 -x) " (=)

and f,= (27)

4. Similarly, the scalar variables y such as the temperature 7', the radius of the particles r,
the internal co-ordinate (p;)i<;<; and the thermophysical properties are interpolated at
location (x,, y,,z,) and time ¢ using the equation

Yo = (1 = p)(1 =)L = 2 W0k + 9e(1 = )1 =y )Wis1,0¢
+ (1 =971 = 2 W1,k + 90 X (1 =y )Wre1041.5
F (1 =y =) X Ysket + (1= 9)7: X Yri1k41
F (L= )7y X Ve XYyt k41 F Ve X Py X Pz X WL g4+1,K41 (28)
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where the function y corresponds to scalar variables and ), is their extrapolated value
at location (x,, y,,z,) and time ¢ from the knowledge of their values at the scalar grid
points (x;, ¥s,zx ). The weights y,, 7, and y. vary between zero and unity and are defined
as

(Zn - ZK)
(zx+41 — zx)

. (x, —x7) ) = (n— 1) and . —

(e —x)’ (Vs — ) (29)

5. The co-ordinates (x,, y»,z,) of the particle at time ¢ are recomputed using the interpolated
values of the liquid velocity components [obtained at Step 3], while the relative particle
velocity w, is computed from Equation (8) using the particle radius 7, and the thermo-
physical properties of the liquid interpolated at location (x,, v,,z,) and time ¢ [obtained

at Step 4],
Xp =Xq — Uoo,n At (30)
Vn = Vb — Voo, nAE (31)
Zy =2zc — (Woo,n + Wy n )AL (32)
2 Pocgt?
with W, = pﬂj: n (33)

6. The ordinary differential equations for the particle internal co-ordinates [r,(p:)a<i<n]
and for the density function f, [Equations (16)—(18)] at location (x,, y»,z.) and time
t + At can then be integrated by the fourth order Runge—Kutta method [25].

7. Steps 2—6 are repeated until the difference between two successive computed values of
Xn, Vu and z, is less than an arbitrary value ¢, i.e.

Max[|x,(iter + 1) — x,(iter)|, | y,(iter + 1) — y,(iter)|, |z,(iter + 1) — z,(iter)|] <&, (34)

where iter is the iteration step number. A sensitivity study has been performed and
showed that the numerical solution was independent of & provided that it is less than
1.0 x 10~*m.

8. Steps 1-7 are repeated for all interior points (x4, Vs, Zc).

9. For steady state calculations, steps 1-8 are repeated until the maximum relative difference
in the predictions of the particle internal co-ordinates [, (p;)i<i<;] and of the density
function f] between two successive iterations fall under an arbitrary constant &;:

max | X (iter + 1.) X (iter)| <, (35)
r<i<hi—1 X (iter)|
2<j<m—1
2<hk<n—1

where X represents the internal co-ordinates r, (p;)1<i<; and f.
10. Steps 1-9 are repeated for all the points on the initial particle density function f) (7,

(Pi)i<i<ist).

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2003; 42:1211-1236



MODIFIED METHOD OF CHARACTERISTICS FOR SOLVING PBE 1223

3.2. Boundary point unit processes

The initial density function at the inlet boundary f) is determined from physical consider-
ations or based on experimental data. The exit points are treated as interior points and the
same procedure as that previously described is followed. Finally, Dirichlet, Neuman or mixed
boundary conditions can be applied at the solid boundary points. In the present work, the
weak boundary conditions were assumed for r, f; and p; at the walls.

The advantage of the proposed method is that even the most complicated problem may be
solved with relative ease. As the complexity of the problem increases, the complexity of the
formulation and the solution effort increase much more rapidly for conventional techniques.
Therefore, the modified method of characteristics will be preferable for problems beyond a
certain complexity. For example, the present method is recommended for multidimensional
problems with complex flow pattern where the density function depends on the external fields.
In addition, the method is compatible and can be used in combination with other numerical
schemes (e.g. finite-volume, finite elements) that may be used to compute the external vari-
ables.

4. COMPUTER PROGRAM VALIDATION

A set of test problems was chosen in order to compare the numerical predictions against
practical problems whose analytical solutions are known and can be summarized as follows:

1. Solid particle in one-dimensional laminar flow—transient and steady-state situations.
2. Bubble or droplet transport and growth in one-dimensional vertical laminar flow.

In all the cases considered for validation, the liquid temperature, the liquid viscosity and
density are assumed to be uniform and constant with time over the entire computational
domain and the coupling between the particles and the external fields is not accounted for,
i.e. the variables Y; are constant. Even though the flow considered are one-dimensional (i.e.
Uso = Vs =0) the calculations were performed for a three-dimensional computational domain.
The container is taken to be a parallelepiped of height, length and width denoted by H, L
and W, respectively.

4.1. Solid particles in one-dimensional laminar flow

For validation purposes, we consider the physical situation when monodispersed solid particles
of constant radius » are injected at the bottom of a vertical container. The liquid under one-
dimensional laminar flow conditions with a uniform and constant upward velocity of 0.2 m/s,
1.e. Voo =Wook=0.2K, is considered. The particles are subject to buoyancy and are assumed
to be small and in low concentration so that their presence does not affect the liquid flow.
Then, the population balance equation simplifies to

o/ ofi _

4.1.1. Transient situation. In this example, the particles are injected uniformly across the
bottom of the container (at z=0) and the injection rate varies with time so that the particle
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Figure 6. Comparison between the predictions of the method of characteristics and the analytical solution
for solid particle density function under one-dimensional transient flow at time ¢t =20.4s.

density function at z=0 and time ¢ is denoted F(¢). In the present study we assume that
the particle density function at the bottom of the column varies with time according to the
following Fermi function,

a(t—to)
HE=00=FO=r || (37)

where a, fy and f, are arbitrary constants. Thus, the transient particle density function at time
¢t and location z solution of Equation (36) is given by

fi(z,t)=F(u) where u=t+z/(Woo +w;) (38)

i.e.

edlt+z/(Weo+w,) 0]
0 39)

hzn= { 1 — ealt+/(Woo Fw)—t0]

The numerical calculations were performed with the particle radius and the fluid properties
such that the fluid flow is laminar and that the particle upward velocity (w, +w,) is equal to
4cm/s while the parameters at the particle injection cross-section (i.e. at z=0) are a=1.4s7",
to=2 s and fy=10°/m> of liquid/m. Figure 6 shows a comparison of the particle density
function using dimensionless variables along the z-axis at time t =20.4 s obtained numerically
with the exact solution. One can see that as the grid size is refined, the predictions of the
numerical model converge toward the exact solution [Equation (38)]. The rapid changes in
the particle injection rate with time forces one to reduce the grid size significantly in order
to capture the sharp variation of the injection rate.
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Figure 7. Schematic of the two-dimensional computational domain used for simulating steady-state
transport of solid particles in two-dimensional laminar flow.

4.1.2. Steady-state situation. Here, the particles are not injected uniformly at the bottom
of the container, instead the particle density function at z=0 varies in the x-direction, i.e.
f1(x, »,0,7,¢t)= G(x) as illustrated in Figure 7. Then, under steady-state conditions, the particle
density function at any location z should be the same as that at the bottom of the container,
ie.

fl(X,y,ZsV):G(x) (40)
Figure 8 illustrates a comparison of the numerical results with the analytical solution for
the particular example when

(41)

G(x):|: ed(x—xo) :| )

1 4 eax—x0)

with the parameters a=1.5m~!, xp=0.7m and L = 1 m. The tank was discretized in Cartesian
co-ordinates using a 24 x 15 x 9 grid. All the particles were assumed to be 1 mm in radius.
Very good agreement exists between the numerical and the analytical solutions even with a
coarse grid.

A monodispersed particle distribution has been chosen for illustrative purposes but similar
results can be obtained for any arbitrary polydispersed population of solid particles. It suffices
only to perform the same calculation for different radii and the corresponding values of the
particle density function.

In conclusion, for solid particles transport in a one-dimensional vertical flows, the numerical
scheme based on the modified method of characteristics yields results which are in very good
agreement with theoretical solutions for both transient and steady-state conditions.

4.2. Bubbles rise at constant growth rate

This section is limited to bubble transport in steady-state one-dimensional laminar flow with
constant particle growth rate 7 as shown in Figure 9. The population balance equation to be
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Figure 8. Comparison between the numerical solutions and the analytical solution for bubble density
function under one-dimensional steady-state flow.
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Figure 9. Schematic of a rectangular vertical container used for the code validation.
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solved is written as

& v H w1 o (1) =0 (42)

where w, is given by Equation (8). The liquid upward velocity is assumed to be wo, =0.2m/s
and the growth rate is taken as constant and equal to 7 =7 =1.0 x 1073 m/s. The governing
equations to be solved simplify to

€ ) wlr2) ()
s (44)
G olnn) (45)

The bubble density function at the injection cross-section z =0 is assumed to follow a normal
distribution, i.e.

N | (r— mo)?
fl(r,z—O,t)—O_O o exp[— 2‘73 ] (46)

with a mean value yyp =1 mm and a deviation ¢y =0.25 mm.

In this specific case, an analytical solution to the population balance equation can be found
if one recognizes that the bubbles are small and their relative velocity with respect to the
liquid w, is negligible compared with the velocity of the liquid (w, <w ). In other words,
the bubble density function fi(z,7) shifts toward larger » in the r-space when bubbles are
transported from location z=0 m to z=H m, i.e. a bubble entering the column at z =0 with
a radius r reaches the location z with a radius » 4 7oz/ws. Then, the bubble density function
f1 at location z is given by

1 [(r — Foz/Wes ) — tho]?
filz,r)= ooV exp {— 27 } 47)

Figure 10 compares the bubble density function at locations z=0 m obtained numerically
with the analytical solution given by Equation (47). The results clearly indicate that the
numerical model agrees very well with the exact solution. Note also that extension of this
example to droplet transport and evaporation in one-dimensional gas flow is straightforward.

4.3. Bubbles transport and growth due to pressure changes

In this section, the gas bubbles are transported with the upward flowing liquid and by buoyancy
while they can grow due the change in hydrostatic pressure as shown in Figure 9. The pressure
drop in the liquid phase is neglected and the pressure at z=0 m is assumed to equal the
atmospheric pressure po. The following equations are to be solved by the modified method
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Figure 10. Comparison between the numerical solution and the analytical solution for
bubble rise at constant growth rate (# =0.01 mm/s) under one-dimensional steady-state
flow at z=4m with gy =1mm, g9 =0.25mm, woe = 0.2k m/s.

of characteristics,

dz

T @)+ wl2) (48)
dr .
Frie H(r,z) (49)
dfi ow,(r,z) = OF(r,z)
dr —/i 0z + or (50)

where w, and its derivative with respect to z are given by Equations (8) and (19), respectively.
The bubble growth rate 7 and its derivative with respect to bubble radius are expressed as

i Pocd(Woo + W, )1/3

= 51
Po + Poogz + 4a/3r G
O Py (Weo + 3w,) 4o 7 (52)
or 3 | po+pecgz+46/3r|  3r2 | po+ pocgz + 4a/3r

Here, the liquid density, viscosity and surface tension correspond to those of soda-lime silicate
glass at 1800K and are equal to 2406 kg/m3, 5.53 Pas and 296 mN/m, respectively. The initial
bubble density function is assumed to follow a normal distribution [Equation (46)] with a
mean value of yy=1 mm and a deviation gy = 0.25 mm.
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4.3.1. Bubble rise dominated by the upward liquid flow. In the present example, the relative
velocity of the bubble with respect to the liquid w, can be neglected compared with the
liquid velocity w.,. Its partial derivative with respect to z is also negligible in comparison
with that of # with respect to the bubble radius ». Moreover, the term due to surface tension
in the denominator is assumed to be negligible, i.e. 46/3r < ( po + poogz). This assumption is
valid for bubble radii larger than 0.2 mm. Note that, if the liquid flows upward (ws, >0), the
bubbles grow and the growth rate dr/d¢ is positive. The approximate solution to the problem
of interest can be written as

z(1) = Weol (53)
1/3
1) =r (p° i p‘”gz> (54)
Po
[)= £ () (55)

where ry is the bubble radius at location z=0m at time #=0s. Note that the approximate
analytical solution satisfies the conservation of the same total number of bubbles N,

]\/(Z):\/0 f](?‘)dr:/o fl(l"o)%dl":‘/o f](ro)dr():N(Z:O) (56)

Figure 11 illustrates a comparison of the approximate analytical solution given by
Equation (55) with the numerical results for Equations (50)—(52). The numerical solutions

1T £~~~ nitial distribution at z=0m

1 \  —— Approximate solution at z=4m
09 T A

i \ O Numerical solution at z=4m
0.8 T
0.7 T
0.6 T
0.5 T
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Normalized bubble density function, f;

02 T

0.1 T

~ S~
0 T L L L L L ' — 5

00 02 04 06 08 10 12 14 16 18 20 22 24
Bubble radius, r(mm)

Figure 11. Comparison between the method of characteristics and the approxi-
mate analytical solution for bubble rise and growth due to pressure change under
one-dimensional steady-state flow with yo=1mm, 6o =0.25 mm, Woo = 0.2k m/s.
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Figure 12. Comparison between the method of characteristics and the approximate
analytical solution [Equation (54)] for the profile of bubble radius r(z) as a function
of z with 7p=2mm at z=0m and woc =0.2k m/s.

compare very well with the approximate analytical solution. The slight discrepancies may be
explained by the approximation made to solve the problem analytically that tend to underes-
timate the bubble growth. One can see that unlike the results for constant growth rate, the
bubble density function at the top of the column (z=4m) is not symmetric around the mean
value due to the fact that the growth rate increases linearly with the bubble radius as given
by Equation (51) when w, is negligible compared with w,, i.e. the large bubbles grow faster
than the smaller ones. Finally, the variation of the bubble radius »(z) and the bubble density
function f(r,z) with the vertical location z for an initial bubble radius 7o =2mm at z=0m is
shown in Figures 12 and 13, respectively. Again, good agreement between the approximate
analytical and the numerical solution is observed.

4.3.2. Bubble rise dominated by buoyancy. Here, the gas bubbles rise by buoyancy only, i.e.
Weo =0m/s and can grow due the changes in the hydrostatic pressure. Similarly, assuming that
the term due to surface tension in the denominator is negligible compared with the hydrostatic
pressure, i.e. 40/3r < (po + psgz), an analytical solution can be found for the radius r and
the bubble density function f; at every location z in the column are given by

13
"(z) = ro (W) (57)
Po

=0 () (58)
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Figure 13. Comparison between the method of characteristics and the approximate
analytical solution [Equation (55)] for the profile of bubble density function fi(z) as
a function of z with o=2mm at z=0m and we = 0.2k m/s.

where 7y and f1(7y) are the bubble radius and the bubble size distribution at location
z=0 m, respectively.

Figure 14 shows a comparison of the approximate analytical solution given by Equation (58)
and the numerical results. The latter are in very good agreement with the approximate ana-
lytical solution. Note that the variations of the bubble radius r(z) with the vertical location z
for an initial bubble radius 7y =2mm at z = 0m are the same as those when the bubble rise is
dominated by the upward liquid flow (see Figure 12) and need not be repeated. The bubble
density function f(r,z) with the vertical location z for an initial bubble radius 7y =2 mm
at z=0m is shown in Figure 15. Excellent agreement between the approximate analytical
solution and the numerical solution is evident. Note that in the present case, the total number
of bubbles is not conserved, i.e. [~ fi(r)dr # [, fi(ro)dro. This is due to the fact that the
gas and liquid momentum equations have been decoupled and it was assumed that the vertical
component of the bubble velocity vector was given by w, =ws, + w,. Thus, this assumption
implies that the bubble velocity field does not satisfy the steady-state continuity equation, i.e.
V -v, # 0. Therefore, the conservation of the total number of bubbles cannot be assured. For
example, in the case of convective transport of solid particles without generation and growth,
the conservation equation [Equation (36)] along the pathlines of the particles may be written
as d f1/dt = f10w,/0z. However, physically it is clear that the bubble density function is trans-
ported unchanged along the particle pathlines and the conservation equation can be written
as d f1/dt =0. Therefore, the assumption on the bubble velocity introduces an artificial source
in the population balance equation. In order to approximately conserve the total number of
bubbles the bubble velocity vector should satisfy

Vv, ~0 (59)

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2003; 42:1211-1236



1232 L. PILON AND R. VISKANTA

1T ~ — — |Initial distribution at z=0m

/ A —— Approximates olution at z=4m
4 A

09 I \ ©  Numerical solution at z=4m

0.8 T
0.7 T
0.6 +
0.5 T
0.4 1
03 T

02+

Normalized bubble density function, f,

0.1 +

00 02 04 06 08 10 12 14 16 18 20 22 24
Bubble radius, r(mm)

0

Figure 14. Comparison between the method of characteristics and the approximate analytical solution
for bubble rise due to buoyancy and growth due to pressure change under one-dimensional steady-state
flow with o =1mm, o9 =0.25 mm, Woo = 0.0k m/s.
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Figure 15. Comparison between the method of characteristics and the approximate analytical solu-
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tion—one-dimensional steady-state flow with 7o =2 mm at z=0m and Woo = 0.0k m/s.
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Since the liquid is treated as incompressible, Equation (59) is satisfied if dw,/dz < 1. Phys-
ically, this corresponds to situation when the bubble growth rate and liquid velocity do not
vary significantly with position and time. This problem does not occur either in the case of
bubble growth and rise dominated by the liquid flow since V-v,~V -v,, a0 or for solid
particle rise by buoyancy without growth since then 0w,/d0z=0. However, for bubble rise
dominated by buoyancy, the simplifying assumption w, =ws + w, must be relaxed and the
coupling between the bubble rise and the liquid flow should be accounted for. To do so,
one could couple the mass and momentum conservation equations for both phases using
the two-fluid model [1,2]. However, this task is complicated and beyond the scope of this
study.

In conclusion, the results reported in this section validate the numerical computer program.
Previous examples have analytical solutions and could have been solved using the conven-
tional method of characteristics (direct marching method) since they were concerned with
one-dimensional flow and with bubbles having one internal co-ordinate (their radius ). The
numerical results obtained compare well with the analytical solution and validate the numerical
scheme.

5. CONCLUSION

This paper has described in detail a new numerical method for solving the population bal-
ance equation using the modified method of characteristics. The numerical solution has been
compared with the analytical solution for simple one-dimensional flow cases when it was
possible. Very good agreement between the numerical and the theoretical solutions has been
obtained confirming the validity of the numerical procedure and the associated computer
program.

The modified method of characteristics enables one to solve the population balance equation
for complicated problems with relative ease while conventional techniques become rapidly
complex or inadequate. In addition, the method is compatible and can be used in combination
with other numerical schemes (e.g. finite-volume, finite elements) that may be used to compute
the external variables. For example, the numerical scheme developed in the present study could
easily be coupled to the three-dimensional two-fluid model to solve for polydispersed bubble
size distribution and could be applied, for example, to two-phase flow around a naval surface
ship [3].

Finally, since computations for each point on the initial bubble density function f, are
independent from one another, parallel computing is highly recommended to significantly re-
duce the computational time. Moreover, the local particle density function and the conditions
in the surrounding liquid phase (temperature, velocity vector, gas concentration) are interde-
pendent. Accounting for the coupling between the particle density function and the external
fields is straightforward but time consuming. Indeed, accounting for the coupling requires
iteratively solving for the external fields and then for the population balance equation until
the convergence criteria are met. However, such a procedure falls beyond the scope of this
study and has been disregarded for the sake of clarity as the authors wanted to emphasize on
the modified method of characteristics. Applications to bubble transport and growth/shrinkage
in three-dimensional flow will be reported shortly.
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NOMENCLATURE

f1 particle density function

g specific gravity

h particle net generation rate per unit volume in the state space
H height of the column

i,j,k unit vectors in the physical space

number of internal co-ordinates other than the particle radius
number of variables in external fields

total number of particles

particle internal co-ordinates other than radius (1 <i</)
pressure

particle or bubble radius

time rate of change of particle or bubble radius

universal gas constant =8.314 J/mol K

particle state vector

time

projection of the velocity vector on the x-axis

projection of the velocity vector on the y-axis

velocity vector

projection of the velocity vector on the z-axis

vertical upward velocity of the particle relative to the glass melt
spatial or external co-ordinates

longitudinal location

spanwise location

local continuous phase variables

vertical location oriented upward

TesT MR TINT I~

AR SRS

Greek symbols

o arbitrary constant with values between 0 and 1
Pusw Wweighting parameters for Laplacian interpolation for the vector variables
Vr.y,-  weighting parameters for Laplacian interpolation for the scalar variables

3 arbitrary small constant for numerical converge criteria

o surface tension

a0 standard deviation of the particle density function

0 density

U kinematic viscosity

Lo mean value of the particle density function

i) sectional moment of the density function of order m [Equation (2)]

Um total moment of the bubble density function of order m [Equation (2)]

Subscripts
0 refers to initial values
b refers to the particles or bubbles
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i,j,k indices for the vector nodes of a staggered grid (see Figure 1)
I,J,K indices for the scalar nodes of a staggered grid (see Figure 1)
i index of the internal variable

n index of the particle group

00 refers to the bulk of the liquid phase

Notation

X derivative of property X with respect to time
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